Introduction and Preliminaries
Let ( , ‖⋅‖) denote a real Banach space. ( ) and ( ) denote the unit ball and unit sphere of , respectively. Let * denote the dual space of . Let , , and + denote the sets of natural number, reals, and nonnegative reals, respectively. Let ( , ) denote the closed ball centered at and of radius > 0.
is weakly convergent to .
Let be a nonempty open convex subset of and a continuous convex function on . We called that is said to be Gâteaux differentiable at the point in if the limit ( ) ( ) = lim exists for all ∈ . Moreover, if the difference quotient in ( * ) converges to ( )( ) uniformly for in the unit ball, then is said to be Frechet differentiable at .
Definition (see [1] 
Then is a continuous sublinear functional. It is well known that (0) = * * , * ( ) = * * , and * = { * ∈ * : ( * ) ≤ 1}. Let be a continuous Minkowski functional on and = { ∈ : ( ) ≤ 1}. Then ( ) = inf{ ≥ 0 : −1 ∈ } whenever ∈ . In this case, we called that is generated by . Let * = { * ∈ * : * ( ) ≤ 1, ∈ }. Then ( ) = * ( ) = sup { * ( ) :
Moreover, it is well known that
(1) (0) = * ;
(2) * ∈ ( ) ⇐⇒ * ∈ * and * ( ) = ( )
It is well known that if is a bounded subset of , then
If is a convex function, then the set = {( , ) ∈ × : ( ) ≤ } .
denotes epigraph of . It is well known that is closed if and only if is lower semicontinuous.
Lemma 6 (see [4] Definition . A set ⊂ is said to be weak dentable set if for any weak neighborhood of origin, there exists ∈ such that ∉ ( \( + )).
Definition (see [5] ). A set ⊂ is said to be dentable set if, for any > 0, there exists ∈ such that ∉ ( \ ( , )).
Definition (see [5] ). A Banach space is said to have the Radon-Nikodym property (see [1] ) if ( , Σ, ) is a nonatomic measure space and V is a vector measure on Σ with values in which is absolutely continuous with respect to and has a bounded variation, then there exists ∈ 1 ( ) such that, for any ∈ Σ, V ( ) = ∫ ( ) .
It is well known that a Banach space has the RadonNikodym property if and only if every bounded subset of is dentable. By Definitions 8 and 9, it is easy to see that if is dentable, then is weak dentable. Moreover, there exists a weak dentable set such that it is not dentable. We will give two examples in Sections 3 and 4. 
Therefore, by formula (7), we have + 0 ∉ + and − 0 ∉ + .
Moreover, for any ∈ {1, 2, . . . , }, we have
and ( * , − 0 ) = ( * , ) ≤ .
Therefore, by formula (6), we have
and − 0 ∈ \ ( + ) .
Hence we obtain that 
We will prove that sup ≥1 * ( ) > 0. In fact, suppose that sup ≥1 * ( ) ≤ 0. Then ( ,
which contradicts ( * , ) ≥ ‖ * ‖/2 for every ∈ . This implies that sup ≥1 * ( ) > 0. Hence is -separable, which finishes the proof.
Example . Let = 0 . Then * = 1 is separable and * * = ∞ is not a separable space. Let be a Banach space and be not a separable space. Define = ( ) × {0} ⊂ × . Then * = (
Let ( * * , 0) ∈ * * \{(0, 0)}. Since * is separable, there
This implies that * * is -separable and bounded. Moreover, it is easy to see that * and * * are not separable and is not dentable.
The paper is organized as follows. In Section 1 some necessary definitions and notations are collected. In Section 2 we prove that if * * is a -separable bounded subset of * * , then every convex function ≤ is Gâteaux differentiable at a dense subset of * if and only if every subset of (0) ∩ is weakly dentable. In Section 3 we prove that if is a closed convex set, then ( * ) = if and only if is a weakly exposed point of exposed by * . Moreover, we also prove that is an Asplund space if and only if for every bounded closed convex set * of * , there exists a dense subset of * * such that * is Gâteaux differentiable on and * ( ) ⊂ * . We also prove that is an Asplund space if and only if for every * -lower semicontinuous convex function , there exists a dense subset of * * such that is Gâteaux differentiable on and ( ) ⊂ * . In Section 4 we prove that there exists an exposed point such that it is not a weak exposed point in Orlicz function spaces. The topic of this paper is related to the topic of [5] [6] [7] [8] [9] [10] [11] [12] .
Gateaux Differentiability, Weakly Dentable
Set, and -Separable Set . Pick * * ∈ ( * ) and * * ∈ ( * ). Then * * ∈ ( ) and * * ∈ ( ) for every ∈ . Hence we obtain that * * − * * ⊂ ( ) − ( ) ⊂
for every ∈ . This implies that ( * * − * * , * ) = 0 for every
. Since ( * ) ⊂ * * , we have * * − * * ∈ * * − * * . Therefore, by the previous proof, we have * * = * * . This implies that
Hence we obtain that is Gâteaux differentiable at each point
. Since * is a Baire space, we next will prove that, for any ∈ , the set is open and dense in * . It is easy to see that is an open set. We next will prove that is dense in * . Let * ∈ * and let be a neighborhood of * in * . We claim that ( ) ∩ ̸ = 0. In fact, since is a * -lower semicontinuous function on * , we obtain that the set is a weak * closed set of * . Moreover, we may assume without loss of generality that (0) = −1. Let * = and * ( * , ) = inf{
is weak * closed, by the separation theorem, there exists ( , ) ∈ × such that * ( ) + (
Hence we may assume without loss of generality that sup{ * ( ) + ℎ : ( * , ℎ) ∈ } = 1. This implies that the set = {( , ) ∈ × :
is a nonempty bounded closed convex subset of × . Therefore, by the Bishop-Phelps Theorem, we obtain that
is a dense set of * × . Hence
is a dense set of * × . Therefore, by Lemma 6, it is easy to see that ( ) ∩ ̸ = 0. Therefore, by formulas ( ) ⊂ * * and * * ∩ = , we obtain that ( ) ∩ ⊂ . Pick ∈ . Then, by hypothesis, there exist a slice
and 0 ∈ (
, then ∈ ( * 1 ) ∩ for some point * 1 ∈ and * 0 = * 1 + * is in for sufficiently small > 0. We claim that
Indeed, if * * ∈ ( * 0 ), then we have
This implies that
Since the set { * * ∈ * * : (
weak * open set in * * and since is norm-to-weak * upper semicontinuous, there exists > 0 such that ( * 0 , ) ⊂ and
for any point * ∈ ( * 0 , ). Moreover, since ( * ) ⊂ ( ), we obtain that
Pick * * 0 
for any * ∈ * . Therefore, by * → * * 0 , we obtain that
for any * ∈ * . This implies that ∈ ( ) ∩ . Therefore,
Therefore, by the previous proof, we obtain that
We claim that * ⊂ for all ∈ . In fact, let * * ∈ * .
Then there exists a net { } ∈Δ ⊂ such that * → * * . Hence, for any ∈ {1, 2, . . . , }, we obtain that 
Since * * 0 is arbitrary, we have (
is a dense open subset, which finishes the proof. (2) Proof. Suppose that there exist ⊂ and a weak neighborhood of origin such that, for any weak slice ( * , , ) and ∈ ( * , , ), we have (
Lemma 16. Suppose that is a Banach space and is a bounded convex subset of . en ( ) ⇒
by formula (3) and convexity of , we have
Hence the sublinear functional has the Gâteaux differentiable points on * . Since is a bounded subset of , we obtain that is a bounded subset of . Hence there exists > 0 such that ‖ ‖ < whenever ∈ . This implies that
Hence is a continuous sublinear functional. Moreover, since is a weak neighborhood of origin, there exist > 0 and { * 1 , . . . ,
We will show that the function is nowhere Gâteaux differentiable. Indeed, given any * ∈ * , for each slices
Hence there exist ∈ ( * , , /3 ) and ∈ {1, . . . , } such that |( * , − )| ≥ . Otherwise, for any ∈ ( * , , /3 ) and ∈ {1, . . . , }, we have |( * , − )| < . Hence we have
a contradiction. Hence we may assume without loss of generality that there exists a subsequence { } denoted again by { }, such that |( * 1 , − )| ≥ . Moreover, we may assume without loss of generality that there exists a subsequence { } denoted again by { }, such that ( * 1 , − ) ≥ . Therefore, by ∈ ( * , , /3 ) and ∈ ( * , , /3 ), we obtain that
and
Therefore, by formula (42), we have
This implies that the sublinear functional is nowhere Gâteaux differentiable, a contradiction, which finishes the proof. 
and { ∈ :
we obtain that \( 0 + ) ⊂ { ∈ :
Therefore, by
(2) ⇒(1). For any weak neighborhood of origin, there exists 0 ∈ such that 0 ∉ ( \( 0 + )). Therefore, by the separation theorem, there exist * ∈ * and > 0 such that
This implies that 0 ∈ ( * , * , ). Hence, for any ∈ ( * , , ), we obtain that * ( ) > (
Therefore, by * ( ) > * ( 0 ) − and formula (47), we obtain that ∈ 0 + .
(1) ⇒(3). For any weak neighborhood of origin, there exists a weak neighborhood of origin such that − ⊂ and there exists a slice ( * , , ) and 0 ∈ (
, then 1 ∈ 0 + and 2 ∈ 0 + . This implies that
which finishes the proof. 
Suppose that there exist a set ⊂ (0) ∩ and a weak neighborhood of origin such that for any weak slice ( * , , ) and ∈ ( * , , ), we obtain that ( * , , ) ¡ ⊂ + . Since = , we obtain that
Hence (0) ∩ = { ∈ :
Moreover, by formula
we obtain that
Since ⊂ (0) ∩ , we obtain that
Therefore, by formula = (0)∩ ≥ , we obtain that is Gâteaux differentiable at a dense subset of * . However, by the proof of Lemma 16, we obtain that is nowhere Gâteaux differentiable, a contradiction.
(2) ⇒(1). Let be a * -lower semicontinuous convex function on * and ≤ . Then is a continuous function. We claim that ( * ) ⊂ (0). In fact, suppose that there exists a point * * ∈ ( * ) such that * * ∉ (0). Then, by the separation theorem, there exists a point * ∈ * and a real number > 0 such that * * (
Since * * ∈ ( * ), we obtain that (
This implies that ( * ) > ( * ) for all sufficiently large > 0, which contradicts formula ≤ . Therefore, by Lemma 16, we obtain that is Gâteaux differentiable at a dense subset of * , which finishes the proof. 
Let 
by formula * , * * = * * ⊂ * * , there exists ∈ such that * * 0 ∈ + and | * *
Therefore, by * * 0 ∈ + , we have * * 0 + ⊂ + + ⊂ + 0 . Moreover, it is easy to see that \( + ) ⊂ * * \( + 0 ). Then
Hence we obtain that ∉ ( \( + )). This implies that is weak dentable, which finishes the proof.
Theorem 19. Suppose that * is a Ĝteaux differentiable space. en every bounded subset of is weak dentable.
Proof. By the proof of Theorem 14, we obtain that every closed convex subset of is weak dentable. Let be a bounded subset of . Suppose that is not weak dentable. Then, by Lemma 17, there exists a weak neighborhood of origin such that ( * , , ) − ( * , , ) ¡ ⊂ for any * ∈ * and > 0. Since ( * ) = ( ) ( * ) for any * ∈ * , we have ( * , , ) ⊂ ( * , , ( )). This implies that
Therefore, by Lemma 17, we obtain that ( ) is not weak dentable, a contradiction, which finishes the proof. 
By Theorem 19, we obtain that is weak dentable. By Example 13, we obtain that * * is -separable and bounded. Therefore, by Theorem 14, we obtain that every convex function ≤ is Gâteaux differentiable at a dense subset of * .
Gateaux Differentiability and Weakly Exposed Point
Definition . A point 0 ∈ is said to be weakly exposed point of if there exist * ∈ (
Definition . A point 0 ∈ is said to be exposed point of if there exists * ∈ ( * ) such that
Definition . A point 0 ∈ is said to be strongly exposed point of if there exist * ∈ (
Definition . A point ∈ is said to be an extreme point of if 2 = + and , ∈ imply = . The set of all extreme points of is denoted by . If ( ) = ( ), then is said to be a strictly convex space.
It is easy to see that if is a strongly exposed point of , then is a weakly exposed point of and if is a weakly exposed point of , then is a exposed point of . Moreover, weakly exposed point, exposed point, and strongly exposed point are different. We will give two examples in Sections 3 and 4. A Banach space is said to have the Krein-Milman property if every bounded closed convex subset of is the closed convex hull of its extreme points. It is well known that if has the Radon-Nikodym property, then has the KreinMilman property. Moreover, we know that * has the KreinMilman property if and only if * has the Radon-Nikodym property (see [12] Sufficiency. Suppose that there exists * * ∈ * * such that * * ( * ) = ( * ). Since is a weakly exposed point of and * = * * , we have * * (
We next will prove that * * = . Suppose that * * ̸ = .
Then there exists a weak * neighborhood of origin such that
Then, by ( * * + ) ∩ ( + ) = 0, we obtain that ( * * + ( ∩ ))∩( + ) = 0. Moreover, by * * ∈ * * and C * = * * , we obtain that there exists ∈ * * + ( ∩ ) such that ∈ . Hence we have * ( ) → * ( ) = sup{ * ( ) : ∈ }. Since is a weakly exposed point of and exposed by * , by formula
we obtain that → , which contradicts ( * * + ( ∩ )) ∩ ( + ) = 0. Hence * * = . This implies that ∈ * * is a weak * exposed point of * * exposed by * . Therefore, by Lemma 1 of [3] , we obtain that ( * ) = , which completes the proof.
Lemma 27 (see [1] ). Suppose that * ∈ ( * ), * ∈ ( * ), and > 0. If | * ( )| ≤ 1 whenever ∈ satisfies * ( ) = 0 Proof. It is well known that (1)⇐⇒ (2) and (2) ⇒ (3) are true. Moreover, by Theorem 26, it is easy to see that (3) ⇒ (4) is true. (3) ⇒(2). Suppose that every bounded closed convex subset of * is the closed convex hull of its weakly exposed points. Then every bounded closed convex subset of * is the closed convex hull of its extreme points. Hence * has the Krein-Milman property. This implies that * has the RadonNikodym property.
(4) ⇒(2). Let * be a bounded closed convex set of * and be the closed convex hull of the extreme points of * . Suppose that ̸ = * . Then, by the separation theorem and the Bishop-Phelps Theorem, there exist * * 0 ∈ * * and * 0 ∈ * such that sup { * * 0 ( * ) : 
This implies that * *
Hence * 1 ∈ * and * 1 ∈ * . Since * 1 is an extreme point of * , we have * 1 = * 1 . This implies that * 1 is an extreme point of * , which contradicts ̸ = * . Hence every bounded closed convex subset of * is the closed convex hull of its extreme points. This implies that * has the Krein-Milman property. Hence * has the Radon-Nikodym property. It is easy to see that (5) ⇒(4) is true. We next will prove that (4) ⇒(5) is true. Let * be a bounded closed convex subset of * and C * be not a singleton. Then we may assume without loss of generality that * ⊂ ( * ) and 0 ∈ * . Let ‖ * * ‖ = 1 and ∈ (0, 1/8). Then we define the bounded closed convex set * 1 = ( * ∪ ), where
Then, by * ⊂ ( * ) and ∈ (0, 1/8), we have * 1 ⊂ ( * ). Moreover, we may assume without loss of generality that 
Hence, for any * ∈ * , we have
. This implies that ≤ 0. Suppose that = 0. Then, for any * ∈ * , we obtain that * ( ) ≥ * ( ). This implies that = 0. Hence we have ( , ) = (0, 0), a contradiction. This implies that < 0. Hence we may assume without loss of generality that = −1. This implies that
. This implies that ( * ) ̸ = 0 for any * ∈ * . Let * * ∈ ( * ). We next will prove that * * ∈ . Since * * ∈ ( * ), we obtain that (
This implies that * * (
We next will prove that the functional * * is a continuous functional of ( * , * ). Suppose that * * is not continuous at origin. Then there exist a net { * } ∈Δ ⊂ * and > 0 such
) ,
This implies that the hyperplane {ℎ * ∈ * : * * (ℎ * ) = 0} is not a weak * closed set. Pick * ∈ {ℎ * ∈ * : * * (ℎ * ) = 0} * \ {ℎ * ∈ * : * * (ℎ * ) = 0} .
(88) Then { * : ∈ } ⊂ {ℎ * ∈ * : * * (ℎ * ) = 0} * .
Hence we have
This implies that * = {ℎ * ∈ * : * * (ℎ * ) = 0} * .
Moreover, there exist a weak * open set of
Therefore, by formula (92), there exists * 0 ∈ such that * * ( * 0 ) = * * ( * ) − (
This implies that ≥ , a contradiction. Hence we obtain that * * is continuous at origin. This implies that * * is a continuous functional of ( * , * ). Since ( * , * ) * = , we have * * ∈ , which finishes the proof.
Proof of eorem . Let be a weak * neighbourhood and is above bounded on . Then we may assume without loss of generality that ( * ) < 0 whenever * ∈ . Then × (0, 1) ⊂ . Therefore, by Lemma 32, we have ( * ) ⊂ for any * ∈ * . Since * is a weak Asplund space, we obtain that is Gâteaux differentiable at a dense subset of * . Hence convex function is Gâteaux differentiable at a dense subset of * and ( ) ⊂ , which finishes the proof. Example . It is well known that there exists a Banach space such that is reflexive and strictly convex and does not have the -property. Then it is easy to see that there exists ∈ ( ) such that is a weakly exposed point of ( ) and not a strongly exposed point of ( ).
Some Examples in Orlicz Function Spaces
Definition .
: → is called a -function if it has the following properties:
(1) is even, continuous, convex and (0) = 0.
(2) ( ) > 0 for all ̸ = 0. Let be a −function and ( , Σ, ) be a finite nonatomic measure space. Let ( ) denote the right derivative of ( ) and (V) be the generalized inverse function of ( ) by 
It is well known that and are Banach spaces when it is equipped with the Luxemburg norm
or equipped with the Orlicz norm
, denote Orlicz spaces equipped with the Luxemburg norm.
0 , 0 denote Orlicz spaces equipped with the Orlicz norm.
Definition
(see [12] ). We say that an -function satisfies condition Δ 2 if there exist > 2 and 0 ≥ 0 such that (2 ) ≤ ( ) whenever ≥ 0 .
It is well known that ( ) * = 0 and ( 0 ) * = (see [12] ). Moreover, it is well known that = if and only if ∈ Δ 2 .
Theorem 38 (see [12] Theorem 39 (see [12] Theorem 40 (see [12] Example . There exist a bounded set ⊂ and ∈ such that is a exposed point of and is not a weakly exposed point. Let = 0 , where is continuous, is strictly convex, ∈ Δ 2 , and ∉ Δ 2 . Since is strictly convex and ∈ Δ 2 , we obtain that 0 is strictly convex. Since is continuous and ∈ Δ 2 , we obtain that 0 is smooth. Since is continuous and is strictly convex, we obtain that is continuous. Since ∉ Δ 2 , we obtain that \ ̸ = 0. Pick ∈ (0, 1/8) and 1 ∈ \ such that ‖ 1 ‖ < . Pick 2 ∈ such that ‖ 2 ‖ = 8. Then it is easy to see that 1 + 2 ∈ \ , ‖ 1 + 2 ‖ > 8 − and
Let
Then, by Theorem 1.44 of [12] , there exists ∈ (0, 1) such that 
Since is continuous, by formula (102) and Theorem 2.49 of [12] , we obtain that is a smooth point. Let 
Then, by holder inequality, we have
This implies that ( − , V) → 1 as → ∞. Moreover, by the Hahn-Banach theorem, there exists ∈ ( 0 ) * such that (V) > 0 and ( 0 ) = 0. Hence 
Since is a smooth point and ( , V) = 1, by formulas (104) and (105), we obtain that is not a weakly exposed point of ( 0 ). Since is continuous, we obtain that is strictly convex. Therefore, by Theorem 2.4 of [12] , we obtain that 0 is strictly convex. This implies that is a exposed point of ( 0 ).
Example . Let = 0 and ∈ Δ 2 and ∉ Δ 2 . Then * = . Since ∈ Δ 2 , we obtain that is separable. Therefore, by Theorem 19 and ( 0 ) * = , we obtain that every bounded subset of 0 is weak dentable. Moreover, by
Theorem 40, we obtain that 0 has not the Radon-Nikodym property. Hence there exists a bounded subset of 0 such that is not dentable.
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